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Abstract 



Compositions of rational transformations of independent variables of linear ma- 
trix ordinary differential equations (DDEs) with the Schlesinger transformations 
PJ ' (i?5-transformations) are used to construct algebraic solutions of the sixth Painleve 

equation. i^S*- Transformations of the ranks 3 and 4 of 2 x 2 matrix Fuchsian ODEs 
with 3 singular points into analogous ODE with 4 singular points are classified. 
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1 Introduction 

A considerable attention has been paid to the study of algebraic solutions of the sixth 
Painleve equation |j^, |2|, ^, ^, ^] . Recently, in this connection, a general method for con- 
struction of the so-called special functions of the isomonodromy type (SFITs)[^, which 
algebraically depend on one of their variables, was suggested in Q. SFITs include, in 
particular, functions of the hyper geometric and Painleve type. With each SFIT there is 
an associated matrix linear ODE such that the SFIT defines isomonodromy deformation 
of this linear ODE. A key point of the proposed method is a construction of the so-called 
RS^{k) - transformations. These transformations map fundamental solution of n x n 
matrix linear ODEs with A:-singular points into analogous ODEs with m singular points. 
Each iiS-transformation is a composition of a rational transformation of the argument of 
a given linear ODE with an appropriate Schlesinger transformation. These transforma- 
tions preserve isomonodromic property, therefore they generate transformations of the 
corresponding SFITs. An important parameter of the i?S'-transformations is their rank, 
r, which, by definition, equals to the order of the corresponding rational transformation, 
i.e., the number of its preimages counted with their multiplicities. 

In this paper we classify -RS"! (3) transformations of the ranks 3 and 4 for the Fuchsian 
ODEs. The number of intrinsic parameters of these transformations define whether they 
generate: (1) explicit mappings of very simple SFITs, namely constants, to the solutions 
of the sixth Painleve equation {Pq); or (2) special sets of numbers which can be interpreted 
as initial data of particular solutions to Pq given at some special points of the complex 
plane. In fact, the solutions of the first type are nothing but algebraic solutions to Pq, 
whilst the second ones are, in general, transcendental solutions whose initial data at 
some particular points of the complex plane can be calculated explicitly in terms of the 
monodromy data of the associated linear matrix Fuchsian ODE. Although solutions of 
the second type are, in general, transcendental (non-classical in the sense of Umemura 
1^ ) , they are " less transcendental" than the other non-classical solutions of Pg : due to the 
above mentioned relation of the initial and monodromy data one can obtain asymptotic 
expansions of these solutions in the neighborhood of the singular points of Pq, 0, 1, 
and oo, in terms of their initial data provided the latter are given at the special points. 
Actually, an example of solutions of the second type was recently discussed by Manin ^j 
in connection with some special construction of the Frobenius manifold. The reader can 



find some further details about this solution in Subsection 3.2.1. 



Consider the following Fuchsian ODE with three singular points, 0, 1, and cxo: 




(1.1) 



where ^o and Ai are 2x2 matrices independent of /i. Let us denote det(^p) = —-^, 
p = 0,1. We suppose that Eq. ( p^ ) is normalized as follows: tvAp = 0, Aq + Ai = — ^cts 
where a^ is the Pauli matrix: diagjl, —1}. Given parameters r]q, g = 0, 1, cxd matrices Aq 
are fixed up to a diagonal gauge, c'^^ ApC~'^'-^ , c G C \ 0. It is well known, that solutions 
of Eq. (|l.l| ) can be written explicitly in terms of the Gaufi hypergeometric function (see, 
e.g. U%), however, we don't use this representation here. In this paper we consider 



i^S-transformations of Eq. (1.1) into the following 2x2 matrix ODE with four Fuchsian 



singular points, 

where matrices Ai, I = 0,l,t are independent of A. Moreover, we assume the following 
normalization of Eq. (O), tiAi = 0, Ao+Ai+Af = -^a^. We also denote det Ai = --^. 



It is now well known, [|ll[, that isomonodromy deformations of Eq. (1^) in general 



situation (for details see |l^) define solutions of the sixth Painleve equation, Pg, 



di^ 2 \y ~^ y~l "*" y~t) \dt J \t ^ t~l ^ y-t ) dt~^ 

^^g^ (aa + /?6^ + 76 (^ + S,'^) , (1.3) 

where oq, Pq, ^e, 5q £ C are parameters. We recall the relation between isomonodromy 



deformations of Eq. (1.2) and Eq. (1.3) following the work W^. Denote by A^j^ the 



corresponding matrix elements of A^. Note, that due to the normalization 
therefore equations, 

Aik Aik Aik 

yin -^-\ -^+ 

— + '—r + -^ = 0, 

Vik Vik - 1 Vik-t 

for {ik} = {12} and {ik} = {21} have in general situation [A^^ + tA^ ^ 0) unique 
solutions ijik- These functions solve Eq. (|1.3| ) with the following values of the parameters, 



yi2{t) : a, = ^^2^, (3, = -|, 76 = f , ^^6 = ^^, (1.4) 

2/2i(t) : «6 = (^2^, ^, = _|, ^, = f , <^6 = ^^. (1.5) 

One can associate with isomonodromy deformations of Eq. ( |1.2| ) one more function, the 
so-called r-function ||l^, which plays a very important role in applications. This function 
11] is defined via the function cr, 



a{t) = tr(((t - 1)^0 + tAi)At) + tKiK2 - -(^3/^4 + K1K2), 

where 

^t + ^00 (^t — ^00 Oi + ^0 ^1 — ^0 



1^1 — ^ 5 '«2 — ^ , '^s — ^ — > ^^4 

The function o" solves the following ODE, 

t (t — 1) cj" a' + (2a' {ta — a) — a' — K1K2K3K4J = ((7' + /i;]^)((t' + K2)(<7' + K3)(cr' + ^4), 

where the prime is differentiation with respect to t. The r-function is defined (up to a 
multiplicative constant) as the general solution of the following ODE, 

t{t-l)-lnT = ait). 
We explain now a general idea of how to construct iJS-transformations of Eq. (|1.1D 



to Eq. (1.2). Consider a rational transformation of the argument, 

/i^MA) = P(A)/Q(A), (1.6) 



where P{X) and Q{X) are mutually prime polynomials. The function /i(A) maps Eq. (1.1) 



with k = 3 singular points, 0, 1, oo, into an intermediate Fuchsian ODE (on A) with 3r 
singular points, where r is the rank of the i?S'-transformation, r = max(deg{P}, degjQ}). 
If some of the parameters, rjp, p = 0, 1, oo, are rational numbers, say, 770 = no/mo with 
the mutually prime natural numbers uq and uiq > 2, and mapping ( |1.6| ) is chosen such 
that some preimage of has the multiplicity proportional to mo, then this preimage is 
a Fuchsian singular point of the intermediate ODE with the monodromy matrix propor- 
tional to ±1. Therefore, the latter singular point is removable by a proper Schlesinger 
transformation (an apparent singularity). Thus, the idea is to choose the parameters 
r]p of Eq. ( |1.1| ) and rational mapping (1.6) such that 3r — 4 points of the intermediate 



equation can be removed so that one finally arrives to Eq. ( |l.2D 

We classify iJS-transformations up to fractional-linear transformations of /x permu- 
tating the points 0, 1, and 00 and also up to fractional-linear transformations of the 
variable A defining transformations of the set of singular points of Eq. (|1.2|), 0, 1, cxd, 
and t, into 0, 1, 00, and t. Clearly, t is one of the points of the orbit, t, 1/t, 1 — t, 1 — 
1/t, 1/(1 — t), t/(l — t). In terms of the algebraic solutions of the sixth Painleve equa- 
tion fractional-linear transformations of fi are nothing but reparametrizations of these 
solutions, whilst fractional-linear transformations of A generally define superpositions 
of so-called Backlund transformations of the solutions to Eq. ( |1.3| ) with corresponding 
fractional-linear transformations of y and t. As soon as some i?S'-transformation is con- 
structed one can construct infinite number of such transformations which differ only by 
a finite number of Schlesinger transformations preserving singular points: 0, 1, t, and cxd, 
of Eq. (|1.2|). We call such i?S'-transformations equivalent and construct, in most cases, 
only one transformation representing the whole class. 

For a classification of the iiS-transformations of the rank r consider partitions of r. 
Multiplicities of preimages of 0, 1, 00 of the rational mapping ( |1.6D is a triple of partitions 
of r. Mobious invariance in ^ means that we don't distinguish triples which differ only 
by the ordering of the partitions. All in all there are QNr{Nr + l){Nr + 2) of such triples, 
where Nr is the total number of partitions of r (a number of the corresponding Young 
tableaux). Our method of classification of the i?5-transformations can be regarded as a 
selection of the proper triples of the Young tableaux. It consists of three steps: 

1. A sieve- like procedure with the goal to get rid of the triples which generate more 
than 771 = 4 non-removable singularities of the intermediate ODE. To calculate the 
number of triples which pass through the sieve let us introduce some notation. For 
each partition V denote M a maximal subset with the greatest common divider 
greater than 1. In the case when there are several such subsets, A4 is anyone of 
them. Denote aj a number of the Young tableaux with card(P \ A4) = j. Clearly, 
the sieve is passed by those triples which satisfy the condition, ji + J2 + js < 4, 
where jk means a value of the parameter j for the k-th partition of the triple. The 
total number of the triples which pass through the sieve is 



Qo(ao+l) / ao+2 , „ ,„ ,„ i ^ \ , ai(ai+l) /„ _i_ £1+2 , „ \ 
I 12(112+1) I /' I \ 1 

H — -^ — -ao + aoai{a2 + as) - 1; 



(1.7) 



The last term in Eq. (1.7), —1, is related with the fact that equation 

x"" +y'' = z^ 
has no solutions in mutually prime polynomials, j;, y, and z, for r > 2. 



2. The aim of this stage is to choose among the triples selected at the first step 
those ones for which there exist corresponding rational mappings ( |1.6D . Denote 
i = cardA^, then Eq. ( |1.2[ ) with arbitrary parameter t can exist only in the case 
when 

h+Ji+i2+J2 + i3+J3>r + 3, (1.8) 

where the subscripts denote parameters i and j characterizing partitions in the 
triple. In the case 

k+ji+i2+J2 + i3+J3 = r + 2 (1.9) 

only i?S'-transformations with a parameter t equal to some special number could 
exist; 

3. The final stage is the construction of the i?S'-transformation. This stage includes an 
analysis of how many i?S'-transformations can be constructed for a given partition: 
sometimes there are few different RS - transformations due to the ambiguity of the 
choice of the set A4 for some partitions. 

One more question which sounds naturally in connection with the i?S'-transformations 
is as follows: which transformations of the rank r can be presented as a superposition of 
iJ/S-transformations of lower ranks ri, r2,...^Af? Clearly in the latter case one writes 

r = rir2 ■ . ■ ■ ■ r^. 

The classification of iiS-transformations of the rank 2, 3 and 4 is given in the following 
sections. 

2 i^S'-transformations of the rank 2 

We apply the scheme suggested in Introduction for r = 2 (A'^2 = 2). After the first stage 
from the total number 4 = g • 2 • 3 • 4 of the triples of partitions of r we are left with 2 
triples, (2|1 + 1|1 + 1) and (2|1 + 1|2), since oq = 02 = 1 and oi = 03 = 04 = 0. At the 
second stage we construct rational mappings corresponding to these triples. The rational 
mapping which corresponds to the second triple clearly has a very simple form, ^ = }?. 
The parameter t = —1, so that this transformation does not generate any algebraic 
solution of the sixth Painleve equation. The latter fact also follows from Eq. (|1.9| ), since 
h = 13 = 1, ji = J3 = 0, Z2 = 0, and J2 = 2. However, as it is mentioned in Introduction 
(see also 0]), this transformation can be interpreted as some property of special solutions 
of the sixth Painleve equation. 

To the first triple, more precisely, to the triple (1 + 1|2|1 + 1), there corresponds the 
following rational mapping, 

A(A-l) , (A-a)2 , , 

/i = p— ^— ^ and fi-l = p ^_^ , (2.1) 



where 



S\s-lf _ S{S-1) _ s2 + l 

/9 r> iN/9,-i\' ^ 9,1' P 



(s2-2s-l)(s2 + l)' s2 + l ' ^ s2_2s_l' 

with arbitrary s £ C. This fact is consistent with Eq. (|1.^), in this case ii = 13 = 0, 



ji = js = 2, ^2 = 1) and J2 = 0. Rational mapping (|2.lD generates i?S'-transformation 



which we denote -RS'|(1 + 1|2|1 + 1). This transformation exists for arbitrary parameters 
%; Voo £ C and parameter r/i = 1/2. and reads as follows, 



^{X) = (^j^yA^^ + j*-^=L=) ^^,), 



where 



J* = . . , J: = „ r2r,^+2«n+lV.,2-2,,-n K . . 2r,^+2r,o-l 



n 1 /' "« in (2r?oo+2r?o + l)(s^-2g-l) I \ n^ , n^ 1 9„ 9n ^ 1 

The values of the 0-parameters are, 

6*0 = %, 6*1 = 7/0, Ot = riao, 9oo = iloo + l- 

Corresponding algebraic solutions of the sixth Painleve equation and related functions 
a{t) and r(i) are as follows: 

yi2{t) = ^^,=t + Vt^—t, 

7/01 (f\ - ,,,,m »^'?°°+3+2'?o)(^^+l)-(2+4r?o)(s+l))((2>?^+3-2r;o)(s^+l)-(2-4>?o)(s+l)) 
y2lW - yi2W ({2,?oo+3)2-4,,g)(s2+l)2-4(4,y^-l)(s3-s) ' 

^ (4r?g + (1 + 2r?oo)^)(g^ + 1)^ - Wrjjjs^ - s) 
^' 16(s2 + l)(s2 - 2s - 1) 



Remark 1 Hereafter we omit the multiplicative parameter C in formulae for the r- 
function (T(t) -^ Cr^t)). 

Since the function 7/12 is independent of the parameters r/o and 7700 corresponding terms 
in Eq. (p!^), proportional to rj^ and r/^ should vanish for this solution. Therefore, yi2 
solves the following algebraic equation: 

t t-1 , ^ i(i-l) 

or, equivalently, 1 — -^r = 0. 



yh (yu-ir ' " "' (yi2-t)2 

3 i?S'-transformations of the rank 3 

In the case r = 3 {N3 = 3) the total number of different triples is g • 3 • 4 • 5 = 10. 
According to Eq. ( |1.7| ) five triples survive after the first stage, since ao = ai = as = 1 
and 02 = a4 = 0. They are (1 + 1 + 1|2 + 1|3), (1 + 1 + 1|3|3), (2 + 1|2 + 1|2 + 1), 
(2 + 1|2 + 1|3), and (2 + 1|3|3). As it follows from Eqs. {^ and {^ two triples, 
(1 + 1 + 1|2 + 1|3) and (2 + l|2 + l|2 + l), define i^S-transformations with the arbitrary 
parameter t; two triples, (1 + 1 + 1|3|3) and (2 + 1|2 + 1|3), define i?S'-transformations 
with fixed t; and the last triple, (2 + 1|3|3), does not define any i?5-transformation. 



3.1 i?S'-transfor mat ions with arbitrary t 

3.1.1 i25|(2 + l|2 + l|2 + l) 

i2- Transformation reads: 

pXjX-tf . ^ (A-l)(A-c)^ 

^= (X-br ^"^ ^~^ = ' {X-br ^ 

where 



t = l-s^, c=(s + l)2, p 



1 . (^ + 1)' 



(2s + 1)2' 2s + l ' 

with arbitrary s £ C We define i?S'-transformation for arbitrary value of r/o G C, 
T]i = 1/2, and rjoo = —1/2, as follows: 



*(,)=|,,,/A^ + ,;JA^Um. 



In the previous formula, 

-^ 



Hereafter, we use the following matrix operation *, 



. _ I ail ai2 \ A* - I ^22 — ai2 



021 022 / \ — 021 Oil 

The ^-parameters read: 

00 = m, ^1 = 1/2, Ot = 2r]o, 0oo = -l/2. 
Corresponding solutions of Pq are 

(l-s2)(ry2(2s + 1)2-1) 



2/12 



7?2(2s + l)3-l-2s3 ' 



1-^2 



y2i = , (3.1) 

^ 2s + l ^ ' 



with the following associated functions 



13 \ '% 



52 2^12 , 1 i^-s) , 

o^ = r7n — 77nS H s and r = t- , — ?- 

8'° '° 16 ^i-s^)^\{l + s)lslj 

By analogous arguments as at the end of Section g one finds that y2i solves the algebraic 
equation 

1 , 4(f-l) 



yii (2/21 - ty 



0. 



3.1.2 i^S'Kl + 1 + 1|3|2 + 1) 

i?- Transformation reads, 

A(A-l)(A-t) {X-cf 

^ = P {x-bY ""^ ^-^ = Pjx^W^ 

with 

(l-s)(s + l)3 1 1 ^ ^ 2s + l 

P = 5— —. — ) 0=7- , , „ , — — , c=- ;j, and t — 



S2 + S + 1 ' (1-S)(s2 + S + 1)' l-s2'"^ (l_s)(s + l)3' 

where s G C. To define the iiS'-transforniation we choose r^-parameters, 

_ 1 _ 1 

^1 ~ o' ^00 — ~'^1 

and arbitrary r]Q ^C Then iJS'-transformation has the following form, 



where 

/ ^ 6??o + l \ 

Jb=\ 6%-5 , Jc = j;. 

Vo / 

The function ^(A) has the following parameters of formal monodromy: 

6q = 61 = 0t = rjQ, 600 = —-■ 

We find 

(2s + l)(36r/g(s2 + s + 1)2 _ (^2 _ 5^ _ 5)2) 



2/12 



2/21 



{s + l)((36r/2 - 25)(s6 + SgS + 35 + 1) + 6(36r/2 - 7)(s4 + s2) + (252r/2 + 41)s3) 
(2s + 1) 



(s + l)(s2 + s + l)' 
and 

(108r/2 + l)(s4 + 2s3 + 2s + 1) + 6(36r?g - l)s2 



a(t) 



288(s + l)3(s-l) 



.(,) = ((, + i)(l + i))"((,_l)(i_l))"((, + 2)(l + 2)^ 

Note, that the function y2i = 2/21 (*) solves the following algebraic equation, 



Remark 2 /n t/ie case 770 = solution 2/12 (^ coincide with the so-called Tetrahedron 
Solution found in pi, ffl Fl; 

(/i- 1)2(1 + 3/i)(9/i2- 5)2 {h-lf{l + 2,h) 

'^^^' ~ (1 + /i)(25 - 207/i2 + 1539/i4 + 243/i6) ' ^ ~ ~ (h + 1)3(1 - 3/i) ' 

where parameter h = s/(s + 2). Clearly, it can be obtained by a Bdcklund transformation 
from a simpler solution 2/12 (^ since the same is true for solution 2/21 (i) with arbitrary rjQ. 



^There is a misprint in the sign of a; in pi p. 139 formula {A3). 



3.2 i?S'-transfor mat ions with fixed t 

3.2.1 RSj{l + 1 + 1\3\3) 
ii-transformation reads: 

// = ip3i^/3A(A-l)(A-t) and fi - 1 = ^3iV3{X - cf , 

with 

t = i±,^, and c=l±.^. 
2 2' 26' 

where, and thereafter in this subsection, one should take in all formulae either upper or 

lower signs correspondingly; so that we actually have two i?-transformations. 

For each i?-transforniation there are two different i25-transforms which correspond 

to the following choice of the ry-parameters: ryi = 1/3 or jyi = 2/3, whereas tjq and ??oo are 

arbitrary complex numbers in both cases. Resulting ^-parameters are: 9q = 9i = 9t = rjQ, 

in both cases, and 0oo = 3r/oo + 1 or ^oo = 3r]oo , correspondingly. We haven't checked yet 

whether one of these, formally different, iiS-transformations can be obtained from the 

other by simply making the shift of r/oo -^ Voo — 1/3. Consider the first i?S'-transformation 

im = 1/3): 

^ ^i; -^ f 1 -p \ 1 \^r..\ ^ _ 3??o - 3??oo - 1 

3% + 3?7oo - 1 ' 

(3.2) 



.(A)^((»;)vx^.(;7)^).(.), P 



The function ^(A) has the following parameters of formal monodromy: 

do = ei = et = vo, Ooo = 37?oo + 1. (3.3) 





The residue matrices of Eq. (1.2) read: 

6>7ooP \ /—In — i 6r?oop 

A - \ -■-- - 3±iV3 \ 4 - I 2VOO 6 

^"-' — ^- 1 ,1 ' ^1- _(33=iV% 

2 '/oo -r e / \ 216r;oo 

2 '/oo -I- e J 

Using these formulae we find: 

.1 , .V3. 1.^/3 > A ,-V3 1 

2/12(2 ±^^) = 2^^-^' ^12(2^^^) = 3' 

1 \/3 

y2i{^±i^) =00, g/0. 

In the case q = the value of 7/21 (1/2 ± i\/3/2) can't be determined. 

It is worth to notice that making a special choice of the r/-parameters in this RS- 
transformation t/q = 0, r/i = 1/3, and r]oo = 1, we arrive to the solution considered by 
Manin (see p. 81 of §). 

Indeed, in Q, a Frobenius manifold of dimension three is described by a solution of 
P6 with the initial data 

/ \ 1 • V 3 , , , 1 



1 /^ 

given at the point t = ^ + ^^ with the parameters 

(a,/?,7,5) = (^,0,0,^). 

For ^-parameters it means Oq = 9i = 6t = and 6^0 is either —2 or 4. In the following 
construction 9^0 = 4. We obtain these ^-parameters by putting ijq = 0, 771 = 1/3, and 
r/00 = 1 in Eq. (|p). 

Since, our construction allows us to find ^-function explicitly, see (p.2|), we can write 
down the monodromy data. They are: 

/ l + ^^/3 -|^r(|)«(^ + .)\ 
\ 9 r(|)6 ^ *^ci y 

/ l + 7i\/3 J^r(|)6(3V3-13i) \ 

/ l + iV3 |I,r(2/3)6H + V3)\ 

\ + 3zx/3 -|^^r(|)6\ 



These matrices M coincide with the corresponding monodromy matrices for the represen- 



3f(l)6 1 - 3iv3 



tation of the fundamental group defined in [12|. They satisfy the following cyclic relation: 



MooMiMfMo = 1. Note, that since ^oo is an integer number, M^o is not a diagonalizable 
matrix. 

3.2.2 RSl{2 + 1\3\2 + 1) 
Corresponding i?-transformation reads, 

A(A-l)^ , , (A + 1/3)3 

^" 3(A - 1/9)2 ^""^ ^"^-"3(A- 1/9)2- 

Using this i?-transformation one can define three different i^S-transformations corre- 
sponding to the following following choice of the ?7-parameters: 

1. rjQ and r]i are arbitrary, r^oo = 2- '^^^ ^-parameters in Eq. ( |1.2[) with t = —1/3 are 
as follows: 9o = Vo, (^1 = 2%, 9t = 3r/i, and ^00 = ~^; 

2. rjQ and r/00 are arbitrary, ryi = g. The ^-parameters in Eq. ( |1.2[) with t = 1/9 are 
as follows: 6*0 = r/o, 9i = 2%, 6*4 = 2r/oo, and 6*00 = ??oo - 1; 

3. ryo and r/00 are arbitrary, t^i = |. The ^-parameters in Eq. ( |1.2D with t = 1/9 are 
as follows: 9o = ijq, 9i = 2%, 9t = 2r/oo, and 9oo = Voo- 

4 i^S'-transformations of the rank 4 

In the case r = 4 (A'4 = 5) the total number of different triples are g • 5 • 6 • 7 = 35. 
According to Eq. ( |1.7] ) twenty triples survive after the first stage , since oq = 2, oi = 02 = 

10 



04 = 1, and as = 0. As follows from Eqs. ([]|) and (|l|) two triples, (l+l+l+l|2+2|2+2) 
and (2 + l + l|2 + l + l|2 + 2), define i?S'-transformations with arbitrary parameter t which 
have an additional parameter; five triples, (1 + 1 + 1 + 1|2 + 2|4), (2 + f + f |2 + 1 + 1|4), 
(2 + 1 + 1|2 + 2|2 + 2), (2 + 1 + 1|2 + 2|3 + 1), and (2 + 1 + 1|3 + f |3 + f), define RS- 
transformations with arbitrary t; seven triples, (1 + 1 + 1 + 1|4|4), (2 + 1 + f |2 + 2|4), 
(2 + 1 + 1|3 + 1|4), (2 + 2|2 + 2|2 + 2), (2 + 2|2 + 2|3 + 1), (2 + 2|3 + 1|3 + 1), and 
(3+l|3+l|3+l), correspond to the iiS-transformations with fixed t; finally, the following 
six triples, (2 + 1 + 1|4|4), (2 + 2|2 + 2|4), (2 + 2|3 + 1|4), (2 + 2|4|4), (3 + 1|3 + 1|4), 
(3 + 1|4|4), do not define any i?S'-transformation. 
4.1 i^S*- Transformations with arbitrary t 

4.1.1 i?S'|(3 + f|3 + l|2 + l + l) 

i?- Transformation reads, 

pA(A - af piX-t){X-cf 

A* = TT ,r, , T and /i — 1 — 



where 



(X-bnX-l) ^ (A-6)2(A-i) 



(l-2sf (l-3s2), 2 



(l-3s2)2(l-3s)2' (l-2s) 

(1 - 3.^) 
(1 - 3s) 



b = (^ ^'^h 3s'-3s + l), c = l-3s2. 



and 



^1 ^'\3s'-3s + l)^ 



(f-2s)3' 

with arbitrary s £ C. We consider below two different choices of the r/-parameters, 
generating however equivalent seed iiS-transformations, which are associated with this 
i?-transformation. The reason, why we present here two equivalent constructions, is 
explained in Remark ^: 

4. 1.1. A. The first i?S'-transformation can be defined by making the following choice 
of the ry-parameters in Eq. (|1.1|): 



7?o = l/3, r/i = l/3, r/oo = -l/2. (4.1) 

and reads, 

*W = ( Jhl'^^ + Jhl^^^, 1 ( Jaxl'-^^^ + Ml ^^^^ 1 ^^^), 

where 




J - i f ^ M J -r 



2 V 1 1 



and 



1 / l-3s2 _(i_3s)(s-l) \ 

■^^ = 6.(1 - 2.) 1^ (i-3^)(i-3^^) -(l-3.)2 J' '^^ = ^-J^ 

It results in the following values of the ^-parameters in Eq. (^]^) : 

^0 = 1/3, ^1 = 1/2, ^4 = 1/3, 0oo = -l/2, 

11 



and generates the following solutions of Pq and associated functions: 

(35^^ - 3s^ + 3s- l)(3s^ -3s + l)(9s^ - 155^^ - 30s^ + 60s^ - 35s + 7) 
(1 - 3s)(l - 2s)(135s6 - 378s5 + 441s4 - 288s3 + 129s2 - 42s + 7) ' 
(3s2-3s + l)(3s2-2s + l) 



yi2 

2/21 



a 



(l-3s)(l-2s) 

432s6 - 972s5 + 765s'^ - 176s3 - Bls^ + 54s - 9 
144(1 - 2s)3 ' 

(3s-2)H(l-2s)i^ 



sil(3s2 - 3s + 1)1^(1 - 3s2)m 



4.I.I.B. Another choice of the r/-parameters is as follows: 

7?o = l/3, r7i = 2/3, rj^ = -1/2. (4.2) 

However, making a proper Schlesinger transformation of Eq. (|l]^) and further transfor- 
mation which is related with the reflection, rjoo — > —rjoo we see that corresponding RS- 
transformations and, hence, algebraic solutions are equivalent to the ones constructed in 
A. Below we present a bit different construction of the i?S'-transformation starting with 



the choice of the r/-parameters given by (4.1); this, however, results in the same algebraic 
solutions as for the choice (| 




where ^J-, Ja, and Jc are the same as in A, 



The function ^ solves Eq. ( |1.2D with the following values of the 0-parameters: 

00 = 1/3, 01 = 1/2, et = 2/3, 6^ = -1/2, 
and generates the following solutions of Pg and related functions: 

(5s2 - 4s + l)(3s2 - 3s + l)(45s^ - 102s3 + 968^ - 42s + 7) 

2/12 ^ 

y21 = '" 7n'V n"2Vo""-,w7 oT?'^' ' (^-3) 



a 





(135s5 - 


-405i 


4 + 450s3 - 240s2 + 63s - 


-7)(1 


-2s)2 


(s- 


-l)(l-3s)(l- 


3s2)(3s2-3s + l) 








(9s3 - 9s 


2 + 3s 


-l)(l-2s)2 • 






lOSs^ - 


216s' 


' + 9s^ + 244s3 - 225s2 + 90s - 
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144(1 - 2s)3 




; 




(1- 


-2s) 5 


(l-3s2)w 








s^(3s- 


-2)i^ 


(3s2-3s + 1)m' 





Remark 3 It is interesting to note that for the 9 -parameters considered in this sub- 
section, i.e., 9q = 1/3, 9i = 1/2, 9oo = —1/2, and 9t = 1/3 or 9t = 2/3, we have con- 
structed here and in Suhsection^.1.1 two different algebraic solutions: given by Eqs. (3.1) 



and ( |4.3| ). Indeed, solution ( [4. 3D has three finite poles at points tj. = t{sk), where si 
l/3+v^/3 ands2,3 = l/3-^(l±i^/3)/6 (ti ^ 1.0577. .. ,^2,3 ~ 0.8391 .. .±i0.3357. . .) 
while ( ^j] ) has only one pole at 3/4. 
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4.1.2 i?5|(2 + 2|2 + 2|2 + l + l) 








i?- Transformation is as follows: 








^ {x-t){\-hY 


and ^ — 1 = 


p(A-ci)2(A- 
(A-6)2(A- 


-C2? 
-t) ' 


where 








2s2 - 1 


s{2s + l) 
2s2 - 1 ' ''^~ 


2^2 


(2. + 1)2 


^ 4(2s2 + 2s + l)' 


" 2^2-1' "' 


2s2-l 


and 

+ — 


s2(2s + l)2 







(2s2-l)(2s2 + 2s + l)' 

with s G C. For the choice: % £ C is arbitrary, r/i = 1/2, and r/oo = —1/2, RS- 
transformation reads. 



where 

Parameters: 

0o = 2r/o, 01 = 2%, 0i = l/2, 0oo = -l/2. 

Solutions of Pq and related functions a and r are as follows: 

s{2s + l)(4r/g(2s2 + 2s + 1)^ - s'^{2s + if) 



2/12 
2/21 



(2s2 + 2s + 1)((4j?2 - l)(2s2 + 2s + 1)2 + 3s(s + l)(2s + 1)) ' 
s(2s + l) 



2s2 + 2s + r 

(2s2 + 2s + l)r]l 



a 



2s2 - 1 

(2s2 - 1)2 \ 2'vg 



s(s + l)(2s + l) 



Remark 4 The function 7/21 solves the following algebraic equation, 

t (t-1) 



2/ii (2/21 - 1)2 



0, 



ancL therefore, can he written as 7/21 = t — vW—t. Thus the solutions constructed in 
this subsection are not new, they coincide with the ones obtained in Section ^ in the 
case rjoo = —1/2 and r]Q -^ 2r]Q. The explanation of this fact is that corresponding RS- 
transformation is actually a combination of a quadratic transformation for Eq. (^J) with 
the quadratic transformation obtained in Section |2|. 
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Remark 5 In the case tjq = 1/6 9-parameters of solutions constructed in this subsection 
are as follows: Oq = 1/3, 9i = 1/3, 9t = 1/2, 6*00 = —1/2. Therefore, by interchanging 
points 1 and t in Eq. ([L.2|), we can construct the solutions of Pq for the same case: 
9o = 1/3, 9i = 1/2, 9t = 1/3, 9oo = —1/2 as in the previous subsection. Consider 
this in more detail to check that these solutions are different from the ones constructed 
previously. 

Transformation reads: 

i = 1/t, A = X/t, l'(A) = r^'^^'f (A/t), 

^"0 = ^0 = 2%, 9i = 9t = l/2, 9t = 9i = 2r]o, 9^ = 9^ = -1/2. 

This transformation generates the following solutions of Pg o.'^.d related functions a and 
T, with 9-parameters changed to 9 parameters and t to t = 1/t: 

(2s2 - l)(4r/g(2s2 + 2s + 1)^ - s'^{2s + if) 



s{2s + l)[{Aril - l)(2s2 + 2s + if + 2.s{s + l)(2s + 1)) ' 
2s2-l 

2/21 



2s' - I I . 

l-Vl-i, 



a 



s(2s + l) 
(s + 1)2 - 167?gs(2s + l)(2s2 + 3s + 2) 



16s2(2s + l)2 



t 16 -— — , where t 



r,2 



(2s2 - 1)3 yo _ (2,2 _ i)(2,2 + 2s + 1) 



,(s + l)2(2s2 + 2s + l)y ' s2(2s + l)2 

The parameter s can be excluded from the above formulae via the quadratic equation, 
s(2s + l)\/l-t = (s + l). 

4.1.3 P5|(2 + l + l|2 + 2|2 + l + l) 

i?- Transformation reads: 

pA(A-l)(A-a)2 p(^X-c,f{X-C2f 

jj, = — — — and ^ — 1 — 



where 



{\-t){\-bf ^ {X-t){\-bf ' 

(s-l)2(-s2 + cis2 + ci) 

(s + l)2(2cf s2 - 3cis2 + s2 - 4scf + 4cis + 2cf - ci) ' 
s(cis3 -s^ -2cfs2 + 2cis2 + 4scf -3cis-2cf) s2 



C2 



(S-1)2(-S2 + Cis2 + Ci) ' S2-1' 

s2(cis2 - 2cis + 2s + ci - s2) 



and 



2cis2 + 2s3 - s4 - s2 - 2cis + cis4 - 2cis3 + Ci ' 

(cis2 - 2cis + 2s + ci - s2)2cf 
(2cf s2 - 3cis2 + s2 - 4scf + 4cis + 2c\ - ci)(-s2 + cis2 + Cl) ' 
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with the parameters s and ci S C. For the choice of ry-parameters: tjq = 1/2, rji = 1/2, 
and ??oo = —1/2, -RS-transformation can be written as fohows 



*w - 1 Mi^^ + J.^^ VH + '^° te *<"'• 



where 



Jci — I PI 1 I ) Jb — Jci ; "^a — ^ "-'c2 ) 



Jfi, 



1 

1 / (Cis2-s2-ci)(s + l) Ci(s-l)3 + s2(3-s) 



4s(cis - s - ci) V -(cis^ - s^ - ci)(s + 1) -ci(s - If - s2(3 - s) 

The function ^ solves Eq. ( |1.2D with the following parameters: 

^0 = 1/2, 01 = 1/2, Ot = 1/2, 0OO = -1/2. 

Solutions of Pq and related functions are: 

ci{ci{s-iy + 2s-s^){2cj{s-iy + ci+4cis-cis^-s^) _ \ , 
^^^ 3(2cf(s-l)2-3cis2 + s2 + 4cis-ci)(-s2 + cis2 + ci) 3^^ ^' 

Ci(ci(g-l)2 + 2g-s2) /T7-^ 

— S^ + ClS^ + Cl 



-s2 + cis2 + Cl It- Jtit - 1 

(7 = — 



16(2cf (S - 1)2 - 3C1S2 + s2 + 4ciS - Cl) 16 t + y/t(t-l)' 

(2c2(s-l)2-3cis2 + s2 + 4ciS-Ci)i _ ({^ft+^/^^fY 



(C1(C1-1)(C1(S-1)2-S2)(C1(S-1)2 + 2S-S2))^ V V* \/^^^ 

The branches of the square roots are chosen such that, \/t\Jt — 1 = \Jt{t — 1). 

Remark 6 T/iis RS -transformation is a combination of two quadratic transformations. 
Corresponding solutions of Pq are the special case of those obtained in Section g for 
Vo = -Voo = 1/2. 

4.1.4 i?5|(l + l + l + l|2 + 2|4) 
i?- Transformation reads: 

pA(A-l)(A-t) ^ ^ (A-ci)2(A-C2)2 



/i = — — 7 and A* — 1 



where 



and 



(A - 6)4 "^ (A - bY 



(s2-2)2 , s(s + 2) s2 (s + 2)2 

= TTT T-TT) Cl = — , C2 - 



(s + l)2' 2(s + l)' ' 2' ' 2(s + l)2' 

£2(£+2)2 

4(s + l)2- 
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With this i?-transformation one can associate two different seed i^S-transformations: 
4. 1.4. A The first iiS'-transforniation can be defined by making the following choice of 
the r/-parameters: rjo G C is arbitrary, r]i = 1/2, rj^ = —1/4. Corresponding RS- 
transformation can be written as follows, 

where 

/ (4>?o+3)(4r?o-l) 
^ ~ I (4>?o-3)(4r?o+l) 



and 



4>?o-l 



T _ I 8rjo 4?7o-3 \ T — T* 

Jb — I (4r?o-3)(4T?o-l)(4»7o+l) 4>7o+l I) <^C2 — -'b > 

V 128r?g 8»;o / 

( 4r?o+l 4(4??os+4??o+l) \ 

4s»7o s(4r7o-3)(4r?o-l) \ t _ i _ t 

(4r?o-3)(4qo-l)(4>7o+l) 4qos+4T?o+l I' ^t — J- -'ci • 

64s?7^ 4sr;o / 

The function ^ solves Eq. ( |1.2D with the parameters: 

^0 = %, ^1 = ??0, 614 = 7/0 + 1, 6*00 = Vo- 

Corresponding solutions of Pq and related functions are as follows: 

s(s + 2)(-s2 + 8%s + 87?o + 2) 



yi2 



2/21 



a 



2{s + l)(-3s2 + 8r/os - 8s - 2 + 8%) ' 

s{s + 2){s^ + 4r]os^ + 8r]QS - 2) 
2(s + l)(3s2 + 4i]os^ + 8s + 8ms + 2) ' 
32(s + l)2r/g - 16(s + l)(s2 + s - l)r/o - s'' - 8s^ - 12s^ + 4 

64(s + 1)2 ' 

(s + l)i(s2 + 4s + 2)l+t''o+H' 

[s(s + 2)]5 + |w+r?g(g2 _ 2)l + iW-|^0 

Vt + 1 \^ /(\/t + i)3\ Vi 1^ ~ 



2^/t(^/t-i)y Vi(\/t-i)y V t 

Remark 7 VFe present here also an equivalent RS -transformation, 

*(A) = fj;VA-ci + j; -^ 




where the functions, t = t{s) and A = A(/x), matrices, $(/i), T, J^, and Jcj, are the same 
as above, and 

/ (s2-2)(4t;o+l)(4r;os2+4??os+3s^+4g+2) 16r;o 

10^ 7 _ ( 64r?o(%+l){s+l)^ (4»;o-3){4»7o-l) 

" -1){£^-2){477o£^+4j7o_ 
102477g{»yo+l){s+l)2 



"^+ ~ \ j ' '^+' ^1 ~ 1 (4>;o-3)(16??g-l)(s"2-2)(4i7os2+4?;oa+3s^+4s+2) ^ 
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This function ^(A) solves Eq. (1.2) with the parameters: 



Go = r]o, Oi = r]o, Ot = %, ^oo = % + 1, 
and generates the following solutions of Pg ('''^-d related functions: 
s{s + 2) 



2/12 



2/21 



a 



2{s + l)- -^' 

s{s + 2)(32g(g + l){s + 2)r]l + 4(5^ + As + 2)^??o + (s^ - 2)^) 
2(s + l)(32s(s + l)(s + 2)ril + 4(^2 + 4s + 2)2(37?o + 2) + {s"^ - 2f) 
32(s + lfr]l + 16(s + l)(s2 + 3s + l)7?o - s'^ + I2s'^ + 16s + 4 

64(s + 1)2 ' 

(s + l)i(s2-2)i+i''o+5'?o 



[S(S + 2)] 8 + 2^0+^711(52 + 4>, + 2)8 + 4'?0-5^1 

^ft-l Y {{^ft-lf\^ ( l\- 



2^/t{Vt + l)J \t{Vi+l)J V t 

4.1.4.B The second i^S-transformation is defined by the fohowing choice of the r]- 
parameters: ryo G C is arbitrary, ryi = —rjoo = 1/2. Corresponding i?5-transformation 
reads, 



*(.,HW^ + ^.V^ V^-^W^K"'**"'- 



In this case the residue matrices in Eq. ( |1.2[ ) are as follows: 

^0 = ycra, Ai = -yCTs, ^t = — ^0^3, 

therefore 

^0 = "^0, Gi = r]o, Ot = r/o, 0^0 = %. 

In this case solutions of Pq are not defined, the functions a and r are very simple: 



1 2 (-2 + s2)l(s2 + 4s + 2)# A-n^ 



2"^°' ^ s';g(5 + 2)^o V i 

4.1.5 i?5|(l + l + l + l|2 + 2|2 + 2) 

i?- Transformation reads: 

M(A-l)(A-t) (A-ci)2(A-C2)2 

/" = 7T ,r, ,- T—TTT and /x — 1 — 



(A-6i)2(A-62)2 ^ (A-6i)2(A-62)2 

where 

4(c2 + b2_c,-62) , 

Ci -62 



ci(ci + 62-2) 
h -ci 


C2 = 


62(01+62-2) 

62 -ci 


(-2 + 01+62)6201 






cf + 62 — Cl — 62 
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and ci and 62 are parameters. We present below a seed i?S'-transformation corresponding 
to the following choice of the ?7-parameters: 770 £ C is arbitrary, 771 = — r/00 = 1/2; 



A — 61 , -r I ^ — ci \ I ^ /A — 62 , X /A — C2\ ^_;^ 



Here 

V 2^0-2 1 y 2 V -1% + ^ 1 J 

Parameters: 

^0 = fio, ^1 = mi ^t = ??o, Ooo = m- 

In this case all matrices Ap, p = 0,1, t are diagonal: 

so there is no solution to y. The functions a and r are very simple: 

_ _Vo {b2 + ci - l){2b2Ci - ci - b2) _ril , . 

^~ 2 c? + 6i-ci-62 " 2 ^' '*^- 



(c^+^^-ci-62)^ ^* = [,(,-!)]-# 



6201(62 - l)(ci - 1)(62 + ci)(-2 + ci + 62 



4.1.6 i?S'|(2 + l + l|4|2 + l + l) 
i?- Transformation reads: 



pA(A-l)(A-a)^ p(A-c)^ 

ji = —— -— — ^— and fi — I — 



(A-t)(A-6)2 ^ (A-t)(A-6)2' 

where 

(s2-4s + 2)(s2-2s + 2)2 s4(3^2 _ gg _^ g) 



p 

b 



(s2-2)(3s2-4s + 2)2 ' (s2_4s + 2)(s2-2s + 2)2^ 

s4 s3(s - 2) 



(s2 - 4s + 2)(3s2 - 4s + 2) ' s^ _ q.,3 + 12^2 _ i2s + 4' 

s^fs - 2)4 



(s2 - 2s + 2)2(s2 - 4s + 2)(s2 - 2) ' 

with arbitrary s G C. There are two different seed i?S'-transformations which can be 

associated with this i?-transformation: 

4. 1.6. A The first transformation is defined by the following choice of the 77-parameters: 

Vo = 2' ^1 = 2' ^"^ ^°^ " ~2' 
i?S'-transformation reads, 



*WHi-^ W^..J^U(„, 
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where 



and 



"^fe — ( Q Q ) ) Ja — Jbi 




'3s^-4s+2 



s2(s-l)2(s 



2/'„2 



-1 r ' (s2-4s + 2)(s2-2s + 2)2' 



^1 = — , Of = —, and 0f>o = — . 
Corresponding solutions of Pe ai^d functions o" and r are as follows: 



yi2 

y2i 

a 



g^(s - 2)2(3g^ - 12s^ + 16g^ - 8g + 4) _ 1 ^- - 

3(s2-2s + 2)2(s2-4s + 2)(s2-2) ~ * + 3^*^* " '' 



s^{s 



(s2 - 2s + 2)2 



t-^t{t-l), 



(s2-2s + 2)2 _ 1 t+y/t(t-l) 



16(s2-2)(s2-4s + 2) 16 t-^t(t-l)' 

(s2 - 2)3(s2 _ 4s + 2)3 _ (2Vt - 2Vt^n:)3 
s3(s_l)i(s_2)i [t(t_i)]iii 

Remark 8 iVote i/iai solutions constructed in this subsection coincide with the ones ob- 
tained in Subsection 4.1.2, see also Remark^. 

4.1.6.B We define another seed i?S'-transformation by the following choice of the rj- 
paranieters: 



Vo = 2' ^1 = 4' and rjoo = --• 



i?S-transforniation reads, 

Here 

1 -1 




s2-4s+6 



Jb={ n n h Ja = j;, ./c = I 3s^-4.+2 1 Jt = I - J, 



'' "" ^' 

Parameters: 

6*0 =2' ^1 = 2' ^* ^2' ^°° ^ ~2' 
Solutions of Pq and functions a and r are as follows: 
s3(s-2)(3s2-8s + 6) 



y2i 



yi2 = y2i 



(T 



(s2-2s + 2)(3s2-4s + 2)(s2-2)' 

(3s2 - 4s + 2)(7s6 - 44s5 + 106s^ - 112s3 + 20^2 + 80s - 72) 
3(s2 - 4s + 2)(7s6 - 36s5 + SGs^ - 112s3 + 100s2 - 80s + 40) ' 

s6 _ 24^5 _^ i22s^ - 288s3 + 364s2 - 224s + 56 
64(s2-2s + 2)2(s2-4s + 2) ' 

(s - 2)i^(s^ - 4s + 2)3(s2 - 2s + 2)1 

7 7 * 

S16 (s — 1)T6 

19 



Remark 9 In terms of t parameter s reads, 



t L t 



s = l+^ —— + X 1 + 



t-l V V t-l 



4.1.7 i2S'|(2 + l + l|2 + 2|3 + l) 
i?- Transformation reads: 



where 



^' = ^35)3 ^^d ^-1 = Ix^^ • (4.4) 



g3(g2 + 1)3 ^s + lf{s'^-S + lf 

(s4 + l)3 ' 4s(s2 + l)(s4 + 1) ^ 

(S + I)2(s2_s + 1)2 (s + 1)4(^2 _^^i) 



Cl = -^^ , C2 



and 



i 



4s3 ' ' 2(s2 + l)3 

(s + l)4(s2 - s + l)2(s4 - 2s3 - 2s + 1) 



4s3(s2 + 1)3 

With this i?-transformation one can associate two different seed i^S'-transformations: 
4. 1.7. A The first seed i?S'-transformation can be associated with the following choice of 
the ry-parameters: 

r/o G C, r/i = -, r?oo = --• 
Corresponding i?S'-transformation reads, 



^wH^M/ffi+W^ VH--'»«h""- 



Here 



1 6t;o-1 \ / 7 (l-i)(6r?o-l) \ 

s(s4 + l)(6r/o - 1) 
3 



2(s2 + s + l)(s2 + l)2- 

Parameters: 

^0 = %, ^1 = ??o - 1, Ot = 2r]o, 0oo=r]oo- 

Solutions: 



(S + l)2(s2 - g + l)(g4 _ 2g3 - 2g + 1) 

2s2(s2 + l)2 ^ 

(6g(g' + l)(g' + 1)% + {s^ + 1)' + is^ms^ + l)^r?o - (g2 + 1)4 _ 4g4) 

(36(s4 + 1)4^2 + 48^(^2 + l)(s _ 1)2(^4 + 1)2(^2 + <. + l)^^ + Q(s)) ' 
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Q(s) = -9s^^ - 8s^^ + 40s^^ - 40s^^ + 285^^ - 120s^^ + 56s^° - 152s^ + 
+105*^ - 152s^ + 56s^ - 120s^ + 28s^ - 405^ + 408^ - 8s - 9, 

(s + ifis^ + l)(s2 - s + l)(s^ - 2s^ -2s + l)(6s(s2 + l)ryo + s"^ + 1) 



2/21 



2s2(s2 + l)2(6(s4 + l)2^p + s8 + 45^ - 4^6 + As^ - 6s^ + 4^3 - 4s2 + 4s + 1) ' 
a 



3(s^ + l) 2 
4s(s2 + l)''° 

4^12 + 65^1 -K 




- .7 - .6 - s5 
4s2(s2 

18^8 - 6s^ - 


-s3- 

^ + 1)2 

30s^ - 


S2- 
65^ 


s + 1 

+ 

- 18s^ - 


-15s 


:2 + 6s 


+ 4 


si(s2 + l)l(s4 


+ 2.3 


144s3(c 

' + 2s + l)^-- 


^2 + 1)3 

|r?o+f»7g 


((-^ 


+ 1)^- 


sT 


-^+w 


3„2 



(s4 _ 2s3 _ 2s + l)M-i''0-i'?o(s2 _ l)i-%+3r)2 

4.1.7.B To associate another seed i?5-transforination with i?-transforniation ( ^.41 ) we 
exchange notation: t < — > b, so that now: 

_ (s + l)^(s2-g + l)2 (s + l)^(s2-g + l)2(g4_2g3_2g + l) 

^~ 4s(s2 + l)(s4 + l) ' 4s3(s2 + 1)3 " 

and the other parameters in ( [4 .41 ) remain unchanged. i?S'-transformation can be defined 
by the following choice of parameters: 

1 





vo = m 


2' 


and arbitrary 


r/oo G C. It reads, 




^(A) = 


/ .* /A-1 , .* /A-ci\ 
= (^^-Va-c,+^^Va-iJ 


(Va-C2 '^-VA-a_ 


Here 


J - U ^ M J - J* 






•-'ci ^ "^£2 ) Jl ^ i — tVci • 


Parameters: 


^0 =2' ^1 = 2' ^* 


^ 37^00 5 C'oo ^ ^oo • 



$(/.). 



Corresponding solutions of Pg and functions a and r are as follows: 

{s + l)2(s2 - s + l)(2(s4 - 2s3 -2s + l)r?oo + s^ + s3 + s + 1) 



yi2 



y2i 



(J 



4(r?oo - l)s(s2 + l)(s4 + 1) 
{s + l)2(s2 _ s + l)(2(s^ - 2s3 - 2s + l)r/oo - s^ - s3 - s2 - s - 1) 
4(r?oo + l)s(s2 + l)(s4 + 1) ' 

7?^(s^ + 2s3 + 4s2 + 2s + l)(s'' - 2s3 + 4s2 - 2s + 1) 



4s(s2 + l)(s4 + 1) 
S(s2 + l)(s4 + l)4 




V (s2 - l)5(s2 + s + 1) 2 (s2 - s + 1 

4.2 i?S'-transfor mat ions with fixed t 

One proves that the triple (3 + 1|2 + 2|2 + 2) does not define any i?-transformation; 
therefore only six triples of those seven mentioned in the beginning of section |^ define 
-R/S-transformations with fixed t. 
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4.2.1 i?S'|(2 + l + l|2 + 2|4) 
4. 2.1. A i?- Transformation reads, 



A(A-l)(A-a)^ (X-ty 

H = — —J and fi — 1 — 



(A -6)4 ^ 2(A-6)^ 

where 

, 1,1^/2 3, 1 

a = 26--, 6=-±^, t=-b--. 
2' 2 4' 24 



To construct i?S'-transforniation one chooses ?7-parameters as follows: 770 = 2' ^°° ~ 2 
(or ^), and r/i G C is arbitrary. This allows one to map Eq. ( [1.1| ) into Eq. ( |1.2| ) with the 
parameters: 

-1-1 1 '^ /9 

^0 = 2' ^1^2' ^* = ^^i' ^oo = 2r?i, and t = - ± -— . 

It can be presented as a superposition of two iiS'-transformations of the rank 2. 
4.2. l.B Another equivalent form of this i?-transformation can be written as follows, 

^ = _4A2(a - 1)(A - t) and // - 1 = -4(A - -^fiX + -^f, 



where t = —1. One can define i?S'-transformations by making the following choice of 

1 
2- 



ry-parameters: rjo and r^oo £ C are arbitrary and rji = I. This ii^-transformation maps 



Eq. ( |1.1| ) into Eq. ( [L.2| ) with the following parameters: 

6*0 = 27/0, 9i = 6t = r]o, ^oo=4t/oo, and t = -1. 
It is also a combination of two iiS'-transformations of the rank 2. 

4.2.2 i2S'|(3 + l|4|2 + l + l) 
4.2. 2. A 

/^ 
2 



where p = -g ± ^ and 



pX{X - If 
(A-t)(A-6)2 


""^ ^ '=(A-t)(A-6)2 


; and 




63 5 

= -y^-4' 


, 13 5 9 

^=4 + 4^' ^ = -4-2^- 



By making the following choice of the 7/-parameters: ryi = 1/4, r/00 = 1/2, and arbitrary 
T]Q £ C, one defines iZS'-transformation which removes apparent singularities, 6 and c. 
Corresponding 0-parameters of the resulting Eq. (|1.2| ) read: 

% = %, Oi = 3r?o, 9t = -, Ooo = -, and i = - =F — r^-- 

2 2 2 16 

4.2.2.B It is convenient to consider also another form of the i?-transformation, 

pXiX-af P(A-I)^ 

/i = — — —K and p — 1 — 



(A-t)(A-6)2 ^ (A-t)(A-6)2' 
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where p = ^ ± ^^ and 



4 1 
i = 30p-2, a = 32/) -4, 6 = -p--. 

Choosing the ry-parameters: % = 1/3, ?7oo = 1/2, and rji £ C is arbitrary, one defines 
i^S'-transformation which removes apparent singularities, a and b. Corresponding 9- 
parameters of the resulting Eq. (|1.2D read: 



On = -, 6i = 4?7i, 9t = -, 9oo = -, and t = - ± — : — . 
"322 24 

4.2.2.C We consider here one more equivalent form of the same i?-transformation, 
pA(A - a)3 p(A-c)4 



(A-t)(A-l)2 - (A-i)(A-l)2' 

where c = —4 it iv2 and 

45 11 c-1 . . 

t = \ c, p= , a = 4c + 24. 

2 2 ^ 216 

Putting the r/-parameters: rjo = 1/3 or 2/3, r]i = 1/4 or 1/2, and 7700 € C is arbitrary, 
one defines iiS-transformation which removes apparent singularities, a and c. There are 
two non-equivalent i?S'-transformations which define two different Eqs. ( |1.2D with the 
following ^-parameters: 

6*0 = - or -, 9i = 2r]oo, 6*4 = 7/00, 6'oo=r?oo, and t = ^^ — 5 — • 

4.2.3 i?5|(3 + l|3 + l|3 + l) 

A(A-lf , ^ (A-t)(A + l/2)3 

^ ~ ~Tr\ ,,xo and /i — 1 — 



4(A- 1/4)3 " - ^- 4(A- 1/4)3 ' 

where t = 1/2. i^S"- Transformation is defined by the following choice of the r^-parameters: 
arbitrary t/q € C, r/i = 1/3, and 7]^ = 1/3 or 2/3. 

There are two non-equivalent i?S'-transformations which define Eq. (|l]^) with the 
following 0-parameters: 

112 1 

Oo = r]o, 9i = 3r]Q, 6*4 = -, ^00 = ^ or -, and t = -. 

4.2.4 i?S'|(3 + l|3 + l|2 + 2) 

4.2.4.A 

pA(A - a)3 p(A-i)(A-c)3 

A* = —r: r^— and /i — 1 — 



where 



(A-t)2 - (A-t)2 ' 

3 /- 1 5 2 4 14 

p = ±— v3, I = p, a = p, c = p. 

^ 2 ' 2 27^^ 3 27^^' 3 27'^ 
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i^S- Transformation is defined by the following choice of the ry-parameters: r]Q = 1/3 or 
2/3, 771 = 1/3, and r/oo G C is arbitrary. There are two non-equivalent i?S'-transformations 
which define Eq. ( |1.2| ) with the following ^-parameters: 

12^1^ ^ ,1 5iV3 



yo 



or -, Oi = -, 9t = 2r]oo, O^o = '^Voo and t = -T 



3 3' ' 3' " ,-. -- "^ 2 ' 18 

4.2.4.B Another form of this i?-transformation reads, 

f^ = 7\ ^^T^^ TT? and /i - 1 - 



(A-5+)2(A-6„)2 "^^" ^ -(A-6^)2(A-6_)2' 

where t = —1/8 and b± = — 5/2ib3v3/2. Corresponding i?S'-transforination is defined by 
taking arbitrary (g C) parameters r/o and r/i, and putting r]oo = 1/2. The ^-parameters 
of the resulting Eq. ( |1.2| ) are as follows: 

00 = 110, Oi = 3r]o, 0t = 3r]i, 6I00 = t?i, and * = --• 

o 

4.2.4.C Consider here one more form of the same i?-transformation. 



where c = ^ ± ■^, 



(A - 5)2 ^ (A - by 



1 4 32 

t = 3-3c, b=- + c, p=---—c. 



i^S- Transformation is defined by taking arbitrary r]Q G C, r]i = 1/3, and rjoo = 1/2. 
Corresponding ^-parameters of Eq. ( |l.2| ) read: 

9 3^/3 



70 



r/o, 6*1 = 3r/o, ^i = 1/3, 6*00 = 1, and t = - =F 



4 4 
Note that in this case singularity of Eq. ( |1.2| ) at A = cxd is apparent. 

4.2.5 i?5|(l + 1 + 1 + 1|4|4) 



i?- Transformation reads: 



pX{X-lKX-t) _^ „ ^_ (A-c)^ 



fi = — —7 and /^ — 1 



(A -6)4 "^ (X-b)^' 

As a result of fractional linear transformation of the complex A - plane interchanging 0, 
1, and 00, there are three sets of possible values for the parameters: 

1. c = ±1, b = =F*) P = i8z, t = —1; 

2. c=l±i, b=l=ft, p = ±8i, t = 2; 

3. c = i|^, b=^^, p = ±4:t, t = i. 

There are two (non-equivalent) i?S'-transformations: 

4. 2. 5. A The first i?5-transformation is defined by taking arbitrary tjq £ C and putting 



^1 = ijoo = 1/4. Resulting Eq. (1.2) has the following parameters: 



Oo = Vo, 01 = Vo, 0t = rjo, ^00 = Vo, and t = -1, 2, or 1/2. 

4.2.5.B The second iJS'-transformation is defined by taking arbitrary ryo £ C and putting 
ryi = 1/4 and r/00 = 1/2. The parameters of the resulting Eq. ( |L^ ) are as follows: 

00 = m, 01 = Vo, 0t = Vo, 0oo = rio + 1) and t = -1, 2, or 1/2. 
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4.2.6 RSl{2 + 2\2 + 2\2 + 2) 

i?-transforniation reads: 

A2(A-1)2 (A-l/2-i/2)2(A-l/2 + i/2)2 

f^ — ~ 7T , .r, and fi — I — 



(A -1/2)2 " - '^ (A -1/2)2 

One can define two (non-equivalent) iJS'-transforniations: 

4. 2. 6. A The first i?S'-transforniation is defined by taking arbitrary (g C) r/o and ij^o and 

putting rji = 1/2. Resulting Eq. (|1.2D has the following parameters: 



6*0 = 2?7o, 6*1 = 2770, 9t = 2r]oo, 0oo = 2r]oo, and t = 1/2. 

4.2.6.B The second iiS-transformation is defined by taking arbitrary ryo £ C and putting 
Vi — Voo = 1/2. The parameters of the resulting Eq. ( |1.2| ) are as follows: 

^0 = 27/0, ei = 2r]o, et = l, e^ = l, and t = 1/2 ± ^2. 



In this case singularities of Eq. ( |1.2[ ) at A = t and A = oo are apparent. 

Acknowledgment F. V. A. is grateful to Lev Kapitanski and Andrew Bennett for 
encouragement, his work was supported by NSF grants #436-2978 and CMS~9813182. 
A. V. K. was supported by Alexander von Humboldt-Stiftung and hosted by Universitat 
GH Paderborn. Some results of this work were presented at Conference on Differen- 
tial Equations in the Complex Domain dedicated to the memory of Professor Raymond 
Gerard in Strasbourg, February 20-23, 2001. We are grateful to the scientific and orga- 
nizing committees for the invitation and financial support. 

References 

[1] N. J. Hitchin, A New Family of Einstein Metrics, Manifolds and geometry (Pisa, 
1993), 190-222, Sympos. Math., XXXVI, Cambridge Univ. Press, Cambridge, 1996. 

[2] N. J. Hitchin, Poncelet polygons and the Painleve transcendents, in: Geometry and 
Analysis (Bombay, 1992), 151-185, Tata Inst. Fund. Res., Bombay, 1995. 

[3] B. Dubrovin, Geometry of 2D Topological Field Theories, in: Lect. Notes Math. 
1620, Springer- Verlag, 120-348, 1995. 

[4] B. Dubrovin and M. Mazzocco, Monodromy of Certain Painleve-VI Transcendents 
and Reflection Groups, Invent. Math. 141, 55-147 (2000). 

[5] M. Mazzocco, Piccard and Chazy Solutions of The Painleve VI Equation, SISSA 
Preprint no.89/90/FM, 1998. 

[6] A. V. Kitaev, Special functions of the isomonodromy type, Acta Appl. Math. 64, 
no. 1, 1-32 (2000). 

[7] A. V. Kitaev, Special Functions of the Isomonodromy Type, Rational Transforma- 
tions of Spectral Parameter, and Algebraic Solutions of the Sixth Painleve Equation, 
e-preprint ( [http://xxx.lanl.gov|) |nlin.SI/0102020| , 1-13,2000. 



[8] H. Umemura, Painleve equations and classical functions Sugaku 47 (1995), no. 4, 
341-359 (Japanese); English transl. in Sugaku Expositions 11, no. 1, 77-100 (1998). 

25 



[9] Yu. I. Manin, Frobenius Manifolds, Quantum Cohomology, and Moduli Spaces, 
American Mathematical Society, Colloquium Publications, Vol.47, 1999. 

[10] F. V. Andreev and A. V. Kitaev, Some Examples of RS'^{?>) -Transformations of 
Ranks 5 and 6 as the Higher Order Transformations for the Hypergeometric Func- 
tion, e-preprint (|http://xxx.lanl.gov| ) [nlin.SI 001205^ , 1-20, 2000. 



[11] M. Jimbo and T. Miwa, Monodromy preserving deformation of linear ordinary dif- 
ferential equations with rational coefficients II, Physica 2D, 407-448 (1981). 

[12] M. Jimbo, Monodromy problem and the boundary condition for some Painleve equa- 
tions, Publ. RIMS Kyoto Univ., 18, 1137-1161 (1982). 

[13] A. V. Kitaev, Non-Schlesinger Deformations of Ordinary Differential Equations with 
Rational Coefficients, J. Phys. A: Math. Gen. 34, no. 11, 2259 -2272 (2001). 

[14] K. Okamoto, Studies on the Painleve Equations. I. Sixth Painleve Equation Pyi, 
Annali Mat. Pura Appl. 146, 337-381 (1987). 



26 



